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Résumé—The simulation of time-harmonic electromagnetic
waves in wide domains (in terms of wavelengths) with classic
methods, as Discontinuous Galerkin, induces large linear sys-
tems : their direct resolution becomes memory-prohibitive while
the matrices are poorly adapted to iterative methods. On the
contrary, Trefftz methods embody a framework which is able
to deal with such configurations. Yet, the classic choice of plane
waves as basis functions limits their efficiency and usefulness
in heterogeneous or challenging domains. Thus, a quasi-Trefftz
approach can be considered by using a Flux Reconstruction
method to design an adaptable and robust Trefftz space.

I. MODEL PROBLEM

For a linear isotropic material which occupies a domain
Q C R3, the time-harmonic Maxwell’s equations in absence
of charges correspond to
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where x > 0 stands for the wavenumber. This can be rewritten
in a hyperbolic setting thanks to the flux operators F/ € R6<6,
for 1 <j <3, as
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where E = (E, H)! and ¢’ denote the electromagnetic field

and the fluxes respectively. This equation is completed by an

impedance Boundary Condition (BC)
Ytnoa]E + Zoayx [noo]H = g on 0, 3)

defined on the boundary of €, denoted as Of2, for an impe-
dance Zsg : 9Q — C® and a tangential field g € L?(99).
Finally, v:[naq] = (naq X ) X npo and vx [nga] = naa x -
stand for the tangential component and trace respectively, with
nyq the outgoing normal from €.

We introduce a mesh 7y of the domain 2. For any cell
T € Tn, we denote the restriction of the electromagnetic field
as ET = (ET,H?) := E|r whose tangential electric com-
ponent and magnetic trace are defined as v, ET = v, [n7|ET
and 7TH? = 7, [n7]H” respectively, where nz stands for
the outgoing normal of 7.

II. QUASI-TREFFTZ METHOD

The Trefftz method relies on a reciprocity formula which
encompasses the energy conservation. Technically, it can be
described as a DG approach for which the Galerkin space

X := ][ Xr is made of local solutions (i.e. in each mesh

TeTy
cell T € 7llh) of the Maxwell’s equations. It then writes [6] :
Find E = (E,H) € X such that V E' = (E',H') € X,

) / VTHT - 3ET +7ET JTHT = (E)  (4)
TeT, /T

where ~ denotes a numerical trace computation (thanks to an
upwinding mechanism or a Riemann solver for example) and
¢ stands for a linear form which includes the BCs.

In particular, this approach limits the amount of degrees of
freedom, by being only defined on the faces, and is intrinsi-
cally adaptable to an iterative resolution through an inherent
contraction property [1]. Moreover, the use of physical basis
functions, such as plane waves, tends to limit the numerical
pollution effects [S].

Yet, the classic plane wave choice is used to leading to
numerical dependence phenomena which impact the condi-
tioning properties of the matrix to inverse [2], and prevents
adaptability of the basis to local mesh properties (as heteroge-
neous characteristics of the material or expected singularities
which will be hardly reproduced in this case). To face such
limitations, we consider a quasi-Trefftz approach [3]] : the
idea is then to parameterise the space of local solutions by a
polynomial approximation of an impedance trace space.

III. FLUX RECONSTRUCTION LOCAL SOLVER

The choice of the local solver is then of special importance,
and we chose to adapt the Flux Reconstruction method
(FR) [4]], which has already established itself for hyperbolic
problems in the Computational Fluid Dynamics community,
to this time-harmonic framework for a Cartesian mesh 7,72
It relies on the strong form of the hyperbolic problem by
approximating the solution [E and the fluxes ¢’ by piecewise
polynomial functions Ey, and ¢, of degrees k := (k1, k2, k3)
and k7! = (ks + 055" )1< jr<3- For any mesh cell T' € TR,
this leads to
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To take BCs and flux continuity properties into account, the
flux variables ¢j result from a polynomial correction of
¢n = F/Ep which ensures it fits with a given polynomial
numerical trace of degree (k;/);r;, denoted yp¢y,, on any
face F' orthogonal to e;.



For example, for any x = (21,22, x3) of a cell T whose ’left’
and ’right’ boundaries (in the x; direction) are denoted as F'+
and F'~ respectively, such a correction takes the form of

Bh = Db+ O O ©)

with
6}11:;+ (X) = (7F+$111 - (f)ll,l‘p-#) (1’271'3) P%’H(l'l), (7)
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where Pj;” and P, are flux correction polynomial func-
tions of degree ki + 1.

This method allows to retrieve classic methods such as nodal
Discontinuous Galerkin (DG) and Spectral Difference (SD)
in usually less expensive ways, for specific flux correction
polynomial functions [4]. Moreover, this framework intrinsi-
cally ensures that the polynomial numerical solution strongly
solves the hyperbolic system (@).

IV. NUMERICAL ANALYSIS OF THE FR LOCAL SOLVER

The FR method relies on a choice of correction polynomial

functions P~ and P*, and one may classically consider
Radau polynomials or Lagrange polynomials associated to
Gauss points (which respectively allow to retrieve a nodal
DG and a SD formulation [4]), that we denote as FR_Radau
and SD_IG respectively.
Yet, we derived an a priori error estimate of the FR method
[7], with explicit dependence with respect to the discretisation
parameters, for the 1D Maxwell’s equations with incoming
BCs (i.e. Zgg = 1 for g1,9o € C on the left and right
boundaries respectively) for a uniform mesh of step h of the
domain Q = [0, L], and symmetric correction polynomials :

”E - Eh”iz(ﬁ) 5 Cq(’{vlﬁ h?P_>) (|gl|2 + |92|2) )]

where A < B means that there exists a constant C' > 0,
independent of «, L, h and P~ such that A < B C. In par-
ticular, we obtained the following quasi-optimal behaviour in
the asymptotic regime : C (k, L, h, P™) = 0 (h2k+2).

—0t
This allowed, for a given discretisation, to look for the

correction polynomial function P~ which minimises this
bounding. We refer to this choice as FR_opti.

The influence of such choices on the h-convergence of the FR
method are illustrated in Figure [1} for a domain Q = [0, 3]
with uniform mesh and polynomial degree k, x = 27, random
positive values of Zyq (taken as constant on each face) and an
exact solution made of a sum of 5 random planewaves. This
highlights the good properties of a high-order accurate method
and the optimised correction polynomials show interesting
improvements in comparison with the classic choices.

V. QUASI-TREFFTZ NUMERICAL VALIDATION

In this presentation, we will finally focus on the use of the
FR method as a local solver in a quasi-Trefftz approach for
the 3D Maxwell’s equations. For example, let’s consider a
domain 2 = [0, 1]® uniformly meshed with 5 cubic macro-
cells in each direction, that we denote as 7y. For a face F' of
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FIGURE 1 - Illustration of the h-convergence of the FR
method according to the number of degrees of freedom per
wavelength Ngg;/» : evolution of the relative L? error w.r.t.
the norm of the exact solution (Fig. @ and FR_Radau error
(Fig. [Tb), for SD_IG (—=-)), FR_Radau and FR_opti
(——), with polynomial degrees k¥ = 2 () and k = 5

(). The quasi-optimal slopes are denoted as (- -).

a given T' € Ty, we introduce a set of 9 linearly independent
polynomial face functions (f/)i<j<o : F — R and the
induced BCs

F oF
Ji e on F,

0 on OT\F, (10)
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where t € {1,2}, e” and el denote the two canonical unitary
vectors tangential to F'. The approximate solutions associated
to these 108 BCs are computed in 7' thanks to a local FR
solver and used as basis functions for the Trefftz method.

In the presentation, we will focus on the dependencies of
this quasi-Trefftz approach in terms of the FR solver and
boundary functions. Comparisons with the Trefftz method
on matrix conditioning and iterative resolution will be held
on challenging configurations to highlight the benefits of the
quasi-Trefftz approach.

REFERENCES

[1] O. Cessenat, B. Després. "Application of an Ultra Weak Variational For-
mulation of Elliptic PDEs to the Two-Dimensional Helmholtz Problem",
SIAM Journal on Numerical Analysis, vol. 35, pp. 255-299, 1998.

[2] S. Congreve, J. Gedicke, 1. Perugia. "Numerical Investigation of the
Conditioning for Plane Wave Discontinuous Galerkin Methods", dans
Numerical Mathematics and Advanced Applications ENUMATH 2017,
pp. 493-500, 2019, Springer, Cham.

[3] H. Fure, S. Pernet, M. Sirdey, S. Tordeux, "A discontinuous Galerkin
Trefftz type method for solving the two dimensional Maxwell equations"”,
SN Partial Differential Equations and Applications, vol. 1, pp. 1-25,
2020.

[4] H. T. Huynh, "A flux reconstruction approach to high-order schemes in-
cluding discontinuous Galerkin methods", dans /8th AIAA computational
fluid dynamics conference, p. 4079, 2007.

[5] F. Ihlenburg, I. Babuska. "Finite element solution of the Helmholtz
equation with high wave number Part I : The h-version of the FEM",
Computers & Mathematics with Applications, vol. 30, pp. 9-37, 1995.

[6] S. Pernet, M. Sirdey, S. Tordeux, "Ultra-weak variational formulation
for heterogeneous Maxwell problem in the context of high performance
computing", ESAIM : Proceedings and Surveys, vol. 75, pp. 96-121,
2023.

[7]1 M. Rivet, S. Pernet, S. Tordeux. "Flux reconstruction method for time-
harmonic linear propagation problems : 1D a priori error analysis", HAL,
2023.



	Model problem
	Quasi-Trefftz method
	Flux Reconstruction local solver
	Numerical analysis of the FR local solver
	Quasi-Trefftz numerical validation
	Références

